Mathematica 11.3 Integration Test Results

Test results for the 19 problemsin "4.1.9 trig"m (a+b sin*n+c sin”(2
n)) p.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.

s 4
J Sin[x] dx

a+bsSin[x] +cSin[x]?2

Optimal (type 3, 323 leaves, 12 steps):
X (bz—ac) X
; : c3 ;
2c+(b—\/m)Tan[§] ]]/

\/7\/b2—2c (a+c) -bvb*-4ac

b*-4ab?c+2a2c?

Vvb2-4ac

Ar‘cTan[

[\/7 [b32abc

[c3\/b2—2c(a+c)—bx/b2—4ac J—

2c+(b+\/m)Tan[§] ]]/

ﬁ\/bz—ZC (a+c) +bvVb2-4ac

b*-4ab?c+2ac?

VvbZ-4ac

ArcTan |

{ﬁ [b3—2abc+

C 2cC

bCos[x] Cos[x] Sin[x]
3 2 [h2
ch -2c(a+c) +by/b°-4ac J+ " -

Result (type 3, 4101leaves):
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1 4b*x+2cC (—2a+c) X —
4¢3

4(J‘lb4—41'1ab2c+2j1a2c2+b3x/—b2+4ac —2abc«/—b2+4ac)

2c+(b—im)Tan[§] ]]/

\/7\/b2—2c (a+c)-iby/-b2+4ac

b2
-—=+2ac +/b*-2c(a+c)-ib+/-b®+4ac |-
2

4(—Jib4+4j1ab2c—21a2c2+b3xl—b2+4ac —2abcd—b2+4ac]

2c+(b+j\/m)Tan[§] ]]/

\/?\/bzfzc (a+c)+iby-b2+4ac

b2
/—f+2ac \/bz—zc (a+c)+ib+/-b>+dac |+4bcCos[x] -c?Sin[2X]
2

Problem 2: Result unnecessarily involves imaginary or complex numbers.

: 3
J Sin[x] dx

a+bSin[x] +cSin[x]?

ArcTan |

ArcTan [

Optimal (type 3, 298 leaves, 10 steps):

b x ac b2 Jac 2c+(b7\/b274ac)Tan[§]
-+ V2 blb-— - + ArcTan | ] /
‘ ° VbP-4ac Vb?-4ac V2 /b 2c(arc) bV aac

[chb22c(a+c)bﬂb24ac J+

ac b2 Jac 2c+(b+\/b2—4ac)Tan[5]
\/jb[b__Jr - ArcTan | : ] /
b
Vb’ -4ac  /b’-4ac \/7\/b2—2c(a+c)+b\/b2—4ac
Cos
chbZZC(a+c)+b b>-4ac |- [X]
c

Result (type 3, 358 leaves):
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[J‘lb3—3jabc+b2xl—b2+4ac —acw—b2+4ac]
2c+(b—i\/—b2+4ac)Tan[ ]

2 ]]/

\/7\/b2—2c (a+c)-iby/-b2+4ac

b2
-—=+2ac +/b*-2c(a+c)-ib/-b®+4ac |+
2

[(—J’Lb3+3j1abc+b2x/—b2+4ac —ac«/—b2+4ac]

ArcTan |

2c+ (b+1’1\/—b2+4ac ) Tan| %]

2 ]]/

\/?\/bzfzc (a+c)+iby-b2+4ac

b2
/——+2ac \/bz—zc (a+c) +ib+/-b>+4ac |-cCos[x]
2

ArcTan [

Problem 3: Result unnecessarily involves imaginary or complex numbers.

: 2
J Sin[x] dx

a+bSin[x] +cSin[x]?

Optimal (type 3, 253 leaves, 9steps):

2c+|b-y/b2-4ac | Tan|X
N2 [bbzzac ]Ar‘cTan[ ( u ]
X bi-4ac \E\/bz—Zc(aJrc)—bx/bz—Aac
¢ C\/b2—2c(a+c)—b\/b2—4ac
b/ b%-4ac Tan{ﬂ

]

2cC+
A2 [b+ bzzac) Ar‘cTan[
IR
bi-dac ﬁJbAZc (a+c)+b+/b2-4ac

C\/b2—2c (a+c) +bvVb*-4ac
Result (type 3, 310leaves):

| 3
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2c+

b-iA/ -b%+4ac ] Tan{:—}
ﬁJbz—Zc (a+c)-ib+/-b2+4ac
—"2—2+2ac \/b2—2c (a+c)-ibr-b%2+4ac

]

(]‘Lbzfzjac+b\/fb2+4ac)Ar‘cTan[

| =

2c+(b+j\/—b2+4ac)Tan[ |

2]/

\E\/bzfzc(a+c)+jb\/fb2+4ac

[(_jbmmwm)w%[

b2
-—=+2ac 4/b*>-2c(a+c)+ib+/-b®+4ac

2

Problem 4: Result unnecessarily involves imaginary or complex numbers.

Sin[x]

J dx

a+bsSin[x] +cSin[x]?2
Optimal (type 3, 226 leaves, 8 steps):

Zc+[b—«/b2—43c ] Tan{%]
\/TJbZ—Zc (a+c)-b+/b*-4ac
\/b2—2c (a+c) -byvVb*-4ac
b+/b%-4ac ] Tan{ﬂ
ﬁJbz—Zc (a+c)+b/b?-4ac

\/b2—2c (a+c) +bvb*-4ac

Result (type 3, 268 leaves):

]

V2 (1— b J ArcTan |

b?-4ac

2c+

ﬁ[1+ ° ]Ar‘cTan[

Joasc ]
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]

2c+(b—1‘1 \ -b%+dac ) Tan[?]
(J‘Lb+\/—b2+4ac ) ArcTan |
1 \/TJbZ—Zc (a+c)-i b~/ -b%+4ac

—b2—2+2ac \/b2—2c(a+c)—ib\/—b2+4ac

2c+(b+1‘1 \/ -b%+dac ] Tan[;—}
ﬁkazc (a+c)+i b/ -b%+dac
\/b2—2c (a+c) +iby-b%2+4dac

]

<7jb+\/7b2+4ac ) ArcTan |

Problem 5: Result unnecessarily involves imaginary or complex numbers.

1
Ja+bSin[x] +cSin[x]?

dx

Optimal (type 3, 221 leaves, 7 steps):
2c+|b-n/b2-4ac | Tan|X 2c+|bsy/b2-4ac | Tan|X
( u ] 2\/7cAr‘cTan[ ] u
ﬁ\/bz—ZC (a+c)—b\/m \/TJbZ—Zc (a+c)+b/b-4ac

Vb2-4ac \/bzfzc (a+c) -bvb2-4ac vb2-4ac \/b272c (a+c)+bvb*-4ac
Result (type 3, 233 leaves):

2 \/7 c ArcTan [

]

an 3]

2c+ (b—i A/ -b%*+4ac % 2c+ [b+]i \ -b*+4ac ] Tan[ﬂ
ArcTan | | ArcTan]
1 ﬁ\/bz—ZC (a+c)-ib+/-b2+d4ac \ﬁJbz—Zc (a+c)+i b~/ -b2+d4ac
- 21c

,—b2—2+2ac \/b272c(a+c)fjb\/—b2+4ac \/bzfzc(a+c)+j1b\/—b2+4ac

]

Problem 6: Result unnecessarily involves imaginary or complex numbers.

Csc[x]
J dx
a+bsSin[x] +cSin[x]?2

Optimal (type 3, 244 leaves, 10 steps):
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zc+(bf\/m Tan ||
\E\/bz—ZC(am)—b\/m
a\/b2—2c (a+c) -bb2-4ac
zc+(b+\/m |
ﬁJbZ-ZCWCHbm _ ArcTanh[Cos [x]]
a\/b2—2c(a+c)+b\/m @

Result (type 3, 306 leaves):

]

V2 ¢ [1+ ° )ArcTan[

b?-4ac

an 1]

WC[l

) ArcTan |
b2-4ac

2c+(b71'1 A/ -b%+dac ] Tan[ﬂ
ﬁ\/bz—ZC (a+c)-ib~/-b2+d4ac

a 2
7%+2ac \/bzfzc (a+c) -ib+v-b%2+4ac

2c+[b+i A/ -b%+4ac ] Tan{ﬂ
ﬁJbz—Zc (a+c)+i b~/ -b%+4ac
7b2—2+2ac \/b2—2c (a+c)+ibv-b%2+4ac

c(—jb+\/—b2+4ac)Ar‘cTan[ ]

| =

]

C (J’lb+\/fb2+4ac ) Ar‘cTan[

+ Log[Cos[gH - LOE[Si”[gH

Problem 7: Result unnecessarily involves imaginary or complex numbers.

2
J Csc[x] dx

a+bSin[x] +cSin[x]?

Optimal (type 3, 271 leaves, 12 steps):

of#-sac | an ]

ﬁJbZ—Zc (avc)-b[b*-4ac

a2[b?-2¢ (a+c) -bb2_dac

2c+(b+\/m] Tan|*] |

ﬁJbZ*ZC (avc)+b[b2aac , bArcTanh[Cos[x]] Cot[x]
a2\[b2-2¢ (arc) +bVb-dac = 2

Result (type 3, 388 leaves):

2c+

]

V2 be (1+ &J ArcTan |

b/ b%-4ac

+

V2 be [1— bzﬁ] ArcTan [

b+/b*-4ac
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Csc[x]? (-2a-c+cCos[2x] -2bSin[x])

2c+ (b—i\/—b2+4ac ) Tan|*]
2c(—J‘Lb2+2iac+bx/—b2+4ac)Ar‘cTan[ 2
\E\/bz—ZC (a+c) -ib-b%2+4ac

b2
-—=+2ac +/b?-2c(a+c)-1b+/-b*+4dac +
2

2c+(b+1‘1\/—b2+4ac)Tan[ ]
. 2 . 2
ZJJ.C(—b +2ac+1ib+/-b +4ac]Ar‘cTan[

L ]
2 ] /
b? 5 ] 2 X
-—+2ac ,/b*-2c(a+c)+iby/-b*+4ac |+aCot|[—]-
2 2

\/7\/b272c (a+c)+ib+-b2+4dac
X X

2bLog[Cos|[=]] +2bLog[Sin| H—aTan[i] /(4a2 (c+bCscx] +aCsc[x]?))
2 2 2

}]/

Problem 8: Result unnecessarily involves imaginary or complex numbers.

3
J Csc[x] dx

a+bSin[x] +cSin[x]?

Optimal (type 3, 331 leaves, 14 steps):

V2 ¢ (b3—3abc+«/b2—4ac (bz—ac))Ar‘cTan[

2c+ (b—\/b274ac ) Tan[i]
\/7\/b2—2c (a+c) -bvb*-4ac

2c+<b+m)Tan[ﬂ ]]/

ﬁ\/bz—ZC (a+c) +byb2-4ac

]J/

[a3\/b2—4ac JbZ—ZC(a+c)—bx/b2—4ac

[\/?c [b3—3abc—xlb2—4ac (bz—ac)]Ar‘cTan[

[a3\/b24ac Jbzzc(a+c)+b b>-4ac J

ArcTanh[Cos[x]] (b?-ac)ArcTanh[Cos[x]] bCot[x] Cot[x] Csc[x]
_ . _
2a a3 a? 2a

Result (type 3, 481 leaves):
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1
16a* (c+bCsc[x] +aCsc[x]?)

8c(—Jib3+3i1abc+b2x/—b2+4ac —aCx/—b2+4ac)

2c+(b—j\/m)Tan[§] ]J/

ﬁ\/bz—ZC (a+c) -ib/-b%2+4ac

b2
-—+2ac 4/b?-2c(a+c)-ib~/-b?+4ac |+
2

8c (Jib3—31'1abc+b2\/—b2+4ac —acx/—b2+4ac)
2c+(b+i\/—b2+4ac)Tan[§] ]}/
V2 Jbr-2c(asc)ribyV blidac

b? 5 . 2 X 5 X2
-—+2ac y/b’-2c(a+c)+ib/-b*+4ac |-4abCot|—]|+a’Csc[~] +
2 2 2

4 (a®+2b”-2ac) Log[Cos[iH -4 (a*+2b*-2ac) Log{Sin[iH —aZSec[§]2+4abTan[i}
2 2 2 2

Csc[x]? (-2a-c+cCos[2x] -2bSin[x])

ArcTan [

ArcTan |

Problem 10: Result unnecessarily involves imaginary or complex numbers.

2
J Cos [x] dx

a+bsSin[x] +cSin[x]?

Optimal (type 3, 230 leaves, 9steps):
X 1

€ cvb®-4ac

\EJbZZC (a+c) -b~/b?-4ac ArcTan]

2c+(b—\/m)Tan[§] ]

\/7\/b2—2C (a+c) -b/b%>-4ac

1 2c+(b+\/b2—4ac)Tan[ﬁ
—— /2 \/b*-2c(a+c) +br/b>-4ac ArcTan|
cVb?-4ac \/?x/bZ—ZC(a+c)+b\/b2—4ac

J

Result (type 3, 314 leaves):
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1 2c+(b—j\/—b2+4ac)Tan[5]

) . 2 2
—|-X+ [1b—21c(a+c)+b -b +4ac)Ar‘cTan[ ] /
¢ ﬁ\/bz—ZC(a+c)—ib\/—b2+4ac

b2
-—+2ac 4/b?2-2c(a+c)-ib~/-b®+d4ac |+
2

2c+(briv-b*+dac | Tan[*
[(—1b2+2“(a+C)+bm]Ar~cTan[ ( | Tan[%] ]]/
V2 Jb?-2c (arc)+iby-bPidac

b2
-—=+2ac 4/b*-2c(a+c)+ib+/-b*+4ac
2

Problem 13: Result unnecessarily involves imaginary or complex numbers.

2
j Sec[x] .

a+bsSin[x] +cSin[x]?

Optimal (type 3, 324 leaves, 11 steps):

2c+|b-y/b%-4ac | Tan|X
V2 bce [1+ b2c (arc) ] ArcTan | ( ] h
bybi-4ac \/TJbZ—Zc (a+c)-b+/b%-4ac

(a-b=+c) (a+b+c>\/b2—2c (a+c) -bvb2-4ac

2c+[b+xlb2—43c
\/TJbzfzc (a+c)+b+/b*-4ac
(a-b+c) (a+b+c) \/b2—2c (a+c) +bvb2-4ac

Cos[x] Cos [X]

2(a+b+c) (1-Sin[x]) 2(a-b+c) (1+Sin[x])

}

3

}

V2 be [1 Mﬂ] ArcTan |
b+/b’-4ac

Result (type 3, 407 leaves):
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2c+(bfj\/m)Tan[§] ]]/

\/?x/bz—2c<a+c)—ib\/—b2+4ac

- [c (—J‘lb2+211c(a+c)+b —b2+4ac)Ar‘cTan[

2

b
-—+2ac (azb2+2ac+c2)\/b22c(a+c)Jib«/b2+4ac -

2

2c+(b+im)Tan[§] ]]/

\E\/b272c<a+c)+jb\/fb2+4ac

[c [J‘lbz—Zch (a+cC) +bx/—b2+4acJAr'cTan[

b2
-—+2ac (az—b2+2ac+c2>\/b2—2c(a+c)+ibx/—b2+4ac +

2

Sin[i] Sin[i]

(a+b+c) (Cos[i]—sin[i]) ' (a-b+c) (Cos[ﬁ +Sin[§])

Problem 14: Result unnecessarily involves complex numbers and more than
twice size of optimal antiderivative.

3
J Sec[x] dx

a+bsSin[x] +cSin[x]?

Optimal (type 3, 206 leaves, 10 steps):

(b*+2c? (a+c)2-2b%c (2a+c)) ArcTanh | 22esinix |
b’>-4ac

Vvb2-4ac (az—b2+2ac+c2)2

(a+2b+3c) Log[1-Sin[x]] (a-2b+3c) Log[l+Sin[x]]
+

N
4(a+b+c)2 4<a—b+c)2

b (b*-2c(a+c))Logla+bSin[x] +cSin[x]?] Sec[x]? (b- (a+c)Sin[x])

2(a2—b2+2ac+c2)2 2(a-b+c) (a+b=+c)

Result (type 3, 481 leaves):
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1 8ib3x 16ibc (a+c)x 2i (a-2b+3c)ArcTan[Cot[x]]
— |- + + -
4 (a—b+c)2(a+b+c)2 (a—b+c)2(a+b+c)2 (a—b+c)2
2i (a+2b+3c) ArcTan[Cot [x]] 4b4Ar‘cTan[§%}
(a+b+c)2 m(az—b2+2ac+c2)z

8 c? (a+c)2Ar‘cTan[@} 8b2c (2a+c) Ar*c'ran[@]

b+2 ¢ Sin[x] b+2 ¢ Sin[x]

+ +
v-b2idac (az—b2+2ac+c2)2 Vv-b2+4dac (az—b2+2ac+c2)2

(a-2b+3c) Log[(Cos[?] +Sin[§”2] (a+2b+3c) Log[1-Sin[x]]

+

(a—b+c)2 (a+b+c>2
2b3Llog[2a+c-cCos[2x] +2bSin[x]] 4bc (a+c)log[2a+c-cCos[2x] +2bSin[x]]
- +
(az—b2+2ac+c2)2 (az—b2+2ac+c2)2
1 1

(a+b+c) (Cos[f]—sin[i])z (a-b+c) (Cos[ﬁ +Sin[ﬂ)2
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Summary of Integration Test Results

19 integration problems

A - 8 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 11 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



